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Bloch-Wannier theory of persistent current in a ring made of the band insulator: Exact result for
one-dimensional lattice and estimates for realistic lattices
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Institute of Electrical Engineering, Slovak Academy of Sciences, 841 04 Bratislava, Slovakia
(Dated: September 29, 2018)
It is known that a mesoscopic normal-metal ring pierced by magnetic flux supports persistent current. It was
proposed recently that the persistent current exists also in a ring made of a band insulator, where it is carried by
electrons in the fully occupied valence band. In this work, persistent currents in rings made of band insulators
are analyzed theoretically. We first formulate a recipe which determines the Bloch states of a one-dimensional
(1D) ring from the Bloch states of an infinite 1D crystal created by the periodic repetition of the ring. Using
the recipe, we derive an expression for the persistent current in a 1D ring made of an insulator with an arbitrary
valence band ǫ(k). To find an exact result for a specific insulator, we consider a 1D ring represented by a periodic
lattice of N identical sites with a single value of the on-site energy. If the Bloch states in the ring are expanded
over a complete set of N on-site Wannier functions, the discrete on-site energy splits into the energy band.
At full filling, the band emulates the valence band of the band insulator and the ring is insulating. It carries a
persistent current equal to the product of N and the derivative of the on-site energy with respect to the magnetic
flux. This current is not zero if one takes into account that the on-site Wannier function and consequently the
on-site energy of each ring site depend on magnetic flux. To derive the current analytically, we expand all N
Wannier functions of the ring over the infinite basis of Wannier functions of the constituting infinite 1D crystal
and eventually determine the crystal Wannier functions by a method of localized atomic orbitals. In terms of the
crystal Wannier functions, the current at full filling arises because the electron in the ring with N lattice sites is
allowed to make a single hop from site i to its periodic replicas i ±N . In terms of the ring Wannier functions,
the same current is due to the flux dependence of the Wannier functions basis, and the longest allowed hop is
from i to i± Int(N/2) only. Finally, we estimate the persistent current at full filling in a few realistic systems.
In particular, the rings made of real band insulators (GaAs, Ge, InAs) with a fully filled valence band and empty
conduction band are studied. The current decays with the ring length exponentially due to the exponential decay
of the Wannier functions. In spite of that, it can be of measurable size.
PACS numbers: 73.23.-b, 73.61.Ey
I. INTRODUCTION
It is known that a conducting ring pierced by a constant
magnetic flux can support persistent electron current circulat-
ing around the ring [1]. The persistent current is well known
to exist in a superconducting ring, and also in a normal-metal
ring as long as it is mesoscopic (of size comparable or smaller
than the electron coherence length). Early work dealing with
persistent current and flux quantization in superconducting
rings [2] also contains results relevant to the normal metal
rings. Later it was mentioned [3] that one can have circulating
currents for free electrons in ballistic normal-metal rings, and
the reference [4] proposed that persistent currents should exist
in the disordered normal-metal rings. The persistent currents
were indeed observed in the disordered normal-metal rings
[5–9] as well as in ballistic conducting rings [10, 11]. Details
are reviewed in various papers [12–14].
One of us recently proposed [15] that persistent current ex-
ists also in a ring made of a band insulator, where it is carried
exclusively by Bloch electrons in the fully occupied valence
band. The effect is interesting for two reasons [15]. First, it
seems to be the only effect manifesting electron transport in a
fully occupied valence band. In a standard conductance mea-
surement, the band insulator is biased by two metallic elec-
trodes and one observes the tunneling of conduction electrons
from metal to metal through the energy gap of the insulator.
One does not observe the transport of valence band electrons
in the insulator. Second, in the fully occupied valence band,
Bloch electrons cannot be scattered by phonons or other elec-
trons. Therefore, the electron coherence length should be
huge even at room temperature if the valence band is separated
from the conduction band by a large energy gap. The persis-
tent current in the insulating ring should thus be observable
up to high temperatures as a temperature-independent effect
as long as excitations into the (empty) conduction band are
negligible. By contrast, persistent currents in metallic rings
are observable only at low temperatures. [9].
We report on a study of persistent currents in rings made of
band insulators using the formalism of the Bloch and Wannier
functions. It was partly motivated by a pioneering analysis
[16] of persistent currents in a 1D ring-shaped periodic lattice
composed of the lattice sites with a single value of the on-site
energy. The authors derived persistent current I for spinless
electrons at zero temperature assuming that they move along
the lattice by means of the nearest-neighbor-site hopping. The
result reads
I = −4πΓ1
Nφ0
sin piNNe
sin piN
sin
[
2π
N
φ
φ0
]
, −φ0
2
≤ φ < φ0
2
,
(1)
for odd Ne and
I = −4πΓ1
Nφ0
sin piNNe
sin piN
sin
[
π
N
(
2φ
φ0
− 1
)]
, 0 ≤ φ < φ0 ,
(2)
2for evenNe, whereNe is the electron number in the ring,N is
the number of the lattice sites, φ is the magnetic flux piercing
the ring, φ0 ≡ h/e is the flux quantum, and Γ1 is the hopping
amplitude. Equations (1) and (2) show a nonzero current for
a conductor (Ne < N ). However, they show a zero current
for an insulator (Ne = N ), which contradicts our claim that
persistent current exists also in an insulating ring.
Therefore, one of our goals is to give exact proof that a ring
made of a band insulator does support a non-zero persistent
current carried by the fully filled valence band. We also pro-
vide a simple tool allowing to estimate persistent currents in
rings made of realistic band insulators. We finally present a
derivation of an exact persistent current expression for a spe-
cific model insulator. This paper is structured as follows.
In Sect. II, we formulate a recipe which determines the
Bloch states of a one-dimensional (1D) ring from the Bloch
states of an infinite 1D crystal created by the periodic repeti-
tion of the ring. In Sect. III we use the recipe to derive an
expression for the persistent current in a 1D ring made of a
band insulator with an arbitrary valence band ǫ(k). The ex-
pression generally shows that the current is not zero, although
it does turn to zero for a cosine-shaped energy band, which
was used in the analysis with nearest-neighbor-site hopping
[16].
To derive an exact result for a specific insulator, in Sect. IV
we consider a 1D ring represented by a periodic lattice of N
identical sites with a single value of the on-site energy. If the
Bloch states in the ring are expanded over a complete set of
N on-site Wannier functions, the discrete on-site energy splits
into the energy band. At full filling, the band emulates the
valence band of the band insulator and the ring is insulating.
We find that it carries a persistent current equal to the product
of N and the derivative of the on-site energy with respect to
the magnetic flux. An alternative explanation of why Eqs. (1)
and (2) give zero current at full filling is that they do not take
into account the flux-dependence of the on-site energy.
To get closer to an exact formula, in Sect. IV we expand
all N Wannier functions of the ring over the basis of Wannier
functions of the constituting infinite 1D crystal. In terms of
the crystal Wannier functions, the current at full filling arises
because the electron in the ring with N lattice sites is allowed
to make a single hop from site i to its periodic replicas i±N .
Alternatively, in terms of the ring Wannier functions the same
current is due to the flux dependence of the Wannier functions
basis, and the longest allowed hop is from i to i ± Int(N/2)
only.
In Sect. V we eventually derive the crystal Wannier func-
tions by a method of localized atomic orbitals (LCAO) and
express the persistent current at full filling by means of an ex-
act formula. The formula is found to be in good agreement
with a numerical LCAO calculation. The numerical data are
provided for a 1D ring made of an artificial band insulator,
namely for a GaAs ring subjected to a periodic potential em-
ulating the insulating lattice.
In Sect. VI we estimate persistent currents in the rings made
of real band insulators (GaAs, Ge, InAs) with a fully filled
valence band and empty conduction band. The current at full
filling decays with the ring length exponentially due to the
exponential decay of the Wannier function tails. In spite of
that, it can be of measurable size.
Our results are summarized in Sect. VII. We relate them
briefly to the paper by Kohn [17], which defines the insulat-
ing state as a property of the many-body ground state, and
which contains a remark implicitly admitting the existence of
nonzero persistent current in insulating rings.
We note that some of the results of Sect. V were obtained
in the conference contribution [18] by means of a formally
different approach. In another conference paper [19] the per-
sistent current at full filling was analyzed for a 1D ring with
Kronig-Penney potential.
II. ELEMENTARY THEORY AND THE GENERAL RECIPE
To review basic concepts, we consider the circular 1D ring
with circumference L, pierced by magnetic flux φ. The elec-
trons in such ring are described by the Schrödinger equation[
1
2m
(−i~ d
dx
+
eφ
L
)2 + V (x)
]
ψφ(x) = ε(φ)ψφ(x), (3)
where x is the electron position along the ring circumference,
m is the electron mass, V (x) is an arbitrary potential applied
along the ring, ε(φ) is the electron eigen-energy, and ψφ(x) is
the electron wave function. Due to the ring geometry, ψφ(x)
has to fulfill the periodic condition
ψφ(x) = ψφ(x+ L). (4)
We define the wave function ϕφ(x) by transformation
ϕφ(x) = exp
(
i
2π
L
φ
φ0
x
)
ψφ(x). (5)
Setting ψφ(x) = exp(−i 2piL φφ0 x)ϕφ(x) into (3) and (4) we
obtain the Schrödinger equation[
− ~
2
2m
d2
dx2
+ V (x)
]
ϕφ(x) = ε(φ)ϕφ(x) (6)
with the boundary condition
ϕφ(x+ L) = exp(i2π
φ
φ0
)ϕφ(x). (7)
Here the magnetic flux enters only the boundary condition.
In the ring geometry, V (x) obeys the periodic condition
V (x) = V (x+ L), (8)
which is the same as for the infinite 1D crystal with lattice
constant L. Therefore, equation (6) with condition (8) is
mathematically identical with the Schrödinger equation[
− ~
2
2m
d2
dx2
+ V (x)
]
ϕk(x) = ε(k)ϕk(x), (9)
3where V (x) is the infinite periodic potential with period L,
obtained by the periodic repetition of the ring potential V (x).
Equation (9) has the well known Bloch solution
ϕk(x) = exp(ikx)uk(x), (10)
where the function uk(x) fulfills the periodic condition
uk(x) = uk(x + L), (11)
and k is the electron wave vector from the interval (−∞,∞).
Clearly, the wave function (5) and Bloch solution (10) coin-
cide for k = 2piL
φ
φ0
. Let us discuss this coincidence in detail.
Consider first the ring with zero magnetic flux. To obtain
the wave functions in such ring, it suffices to take the Bloch
function (10) and to restrict it by the periodic condition
ϕk(x) = ϕk(x+ L), (12)
which is the condition (7) for φ = 0. Due to the condition
(12), the wave vector k becomes discrete:
k =
2π
L
n, n = 0,±1,±2, . . . (13)
Thus, in the ring with zero magnetic flux and specified poten-
tial V (x), the eigen-function ϕn(x) and eigen-energy εn can
be calculated simply by setting k = 2piL n into the Bloch so-
lutions ϕk(x) a ε(k), calculated for the same potential V (x)
repeated with period L from x = −∞ to x =∞. This recipe
can be generalized to nonzero magnetic flux as follows.
Arbitrary magnetic flux φ can be written in the form
φ = nφ0 + φ
,, (14)
where φ, is the reduced flux from the range < −φ02 , φ02 ) or
alternatively from < 0, φ0), and n is one of the values n =
0,±1,±2, . . .. Setting (14) into (5) one can write (5) in the
form
ϕn,φ,(x) = exp
(
i
2π
L
φ,
φ0
x
)
ψ,n,φ,(x), (15)
where the function ψ,n,φ,(x) ≡ exp
(
i 2piL nx
)
ψφ(x) obeys the
periodic condition ψ,n,φ,(x) = ψ
,
n,φ,(x + L). The boundary
condition (7) now reads
ϕ,n,φ,(x+ L) = exp(i2π
φ,
φ0
)ϕ,n,φ,(x). (16)
Similarly, in the Bloch function theory it is customary to
express the wave vector k by means of the relation
k =
2π
L
n+ k
′
, (17)
where k′ is the reduced wave vector from the first Brillouin
zone and the integer n plays the role of the energy band num-
ber. Using (17) we can write the Bloch function (10) as
ϕn,k,(x) = exp (ik
,x) u,n,k,(x), (18)
where the function u′
n,k′
(x) ≡ exp (i 2piL nx)uk(x) fulfills the
periodic condition u′
n,k′
(x) = u
′
n,k′
(x+L). It is then easy to
verify that
ϕ,n,k,(x+ L) = exp(ik
,L)ϕ,n,k,(x). (19)
The equations (15) and (16) coincide with the equations
(18) and (19), respectively, if
k
′
=
2π
L
φ,
φ0
, (20)
or alternatively, if
k =
2π
L
(n+
φ,
φ0
). (21)
One can thus formulate the following general recipe. In
the ring with a known potential V (x), the eigen-function
ϕ,n,φ,(x) ≡ ϕφ(x) and eigen-energy εn(φ
′
) ≡ ε(φ) can be
calculated by setting (20) or (21) into the Bloch solutions
ϕn,k,(x) ≡ ϕk(x) a εn(k,) ≡ ε(k), calculated for the same
potential V (x) repeated with period L from x = −∞ to
x =∞.
The general recipe holds for any potential V (x) obeying the
cyclic condition (8). It therefore holds also for any potential
which additionally obeys the periodic condition
V (x) = V (x+ a), (22)
where a = L/N and N is the (integer) number of periods
a within the period L. This type of potential will be con-
sidered in the rest of the paper. Figure 1 illustrates how an
infinite 1D crystal is created from a 1D ring with lattice pe-
riod a and length L = Na. Such crystal is still described by
Schrödinger equation (9), except that now V (x) = V (x + a)
and consequently uk(x) = uk(x+a). However, the condition
uk(x) = uk(x+L) holds as well because V (x) = V (x+L).
We can rederive the general recipe briefly, if we compare
uk(x) = uk(x + L) with ψφ(x) = ψφ(x + L) and ϕk(x) =
exp(ikx)uk(x) with ϕφ(x) = exp
(
i 2piL
φ
φ0
x
)
ψφ(x). We see
that ϕφ(x) coincides with ϕk(x) for k = 2piL
φ
φ0
.
It remains to express the persistent current. The Bloch elec-
tron in state (n, k′) moves with velocity vn(k
′
) = 1
~
∂εn(k
′
)
∂k′
.
We set into the Bloch electron velocity the formula (20). We
obtain the expression vn(φ
′
) = Le
∂εn(φ
′
)
∂φ′
, which is the elec-
tron velocity in state (n, φ′) in the ring. The current carried
by the electron in state (n, φ′) reads
In(φ
′
) = −evn(φ
′
)
L
= −∂εn(φ
′
)
∂φ′
. (23)
The total persistent current circulating in the ring is
I(φ
′
) = − ∂
∂φ′
∑
n
εn(φ
′
), (24)
where we sum (at zero temperature) over all occupied states
n = 0,±1,±2, . . . up to the Fermi level. In the following text
we use the formulas (23) and (24) with symbol φ′ changed to
φ, where φ ∈< −φ02 , φ02 ) or alternatively φ ∈< 0, φ0).
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FIG. 1. The top figure shows schematically the 1D ring composed of
the periodic lattice with N lattice sites (N = 3), periodicity a, and
length L = Na. For simplicity, the lattice potential of the ring is
modeled by a square-well potential V (x). The bottom figure depicts
the infinite 1D periodic potential obtained by the periodic repetition
of the ring potential.
III. PERSISTENT CURRENT IN 1D RING MADE OF A
CRYSTAL WITH ARBITRARY VALENCE BAND ε(k)
Consider first an infinite 1D crystal created from a 1D ring
with the lattice period a and length L = Na as it is illustrated
in Fig. 1. Let εv(k) be the energy dispersion of the valence
band of Bloch electrons in that crystal. The wave vector k in
εv(k) is supposed to be from the Brillouin zone < −pia , pia >.
In what follows we skip the valence band index (v) for sim-
plicity and we use notation ε(k). We can express ε(k) by
means of the infinite Fourier expansion
ε(k) = a0 + a1 cos(ka) +
a2 cos(2ka) + . . . aN cos(Nka) + . . . ,
(25)
where
a0 =
1
π/a
∫ pi/a
0
ε(k)dk (26)
and
aj =
2
π/a
∫ pi/a
0
ε(k) cos(jka)dk, j = 1, 2, . . . (27)
Now we apply the general recipe from Sect. II. We set for
k in Eq. (25) the equation k = 2piNa (n + φφ0 ). We obtain the
expression for the ring energies εn(φ):
εn(φ) ≡ ε(kn(φ)) =
∞∑
j=0
aj cos (kn(φ) ja) , (28)
where
kn(φ) ≡ 2π
Na
(n+
φ
φ0
) . (29)
As shown in appendix A, expansion (28) can also be written
in the form
εn(φ) = Ω0+
M∑
j=1
{
ΩRj cos (kn(φ) ja)+Ω
I
j sin (kn(φ) ja)
}
,
(30)
whereM = Int(N/2) and the Fourier coefficientsΩ are given
by equations (102) and (103). Expressions (28) and (30) are
mathematically equivalent, but expression (30) reveals an im-
portant difference from the Bloch energy (25). Generally, the
Bloch energy (25) consists of an infinite number of Fourier
terms, with the coefficients aj being independent on mag-
netic flux φ. On the other hand, expression (30) shows that
the Bloch energy in the ring can be expressed through a fi-
nite number of Fourier terms, with the Fourier coefficients Ω
depending on φ [see Eqs. (102) and (103)].
In the rest of this section we use Eq. (28). The same results
can be obtained by means of Eq. (30), but derivations are
more cumbersome.
Setting Eq. (28) into Eq. (24) we obtain the persistent cur-
rent
I(φ) =
2π
N
1
φ0
∞∑
j=1
j aj
×
[
cos
(
2π
N
φ
φ0
j
)∑
n
sin
(
2π
N
j · n
)
+ sin
(
2π
N
φ
φ0
j
)∑
n
cos
(
2π
N
j · n
)]
. (31)
If the ring contains Ne spinless electrons and Ne is odd,
summation over n in Eq. (31) includes the occupied states
n = 0,±1,±2, . . . ,±(Ne−1)/2. After simple manipulations
I(φ) =
2π
N
1
φ0
∞∑
j=1
j aj sin
(
2π
N
φ
φ0
j
)
×

2 (Ne−1)/2∑
n=0
cos
(
2π
N
j · n
)
− 1

 . (32)
Performing the summation over n we arrive to the formula
I(φ) =
2π
N
1
φ0
[
∞∑
j=1
j 6=N,2N,...
jaj sin
(
2π
N
φ
φ0
j
)
sin
(
pi
N jNe
)
sin
(
pi
N j
)
+ Ne
∞∑
j=N,2N,...
jaj sin
(
2π
N
φ
φ0
j
)]
, (33)
where φ ∈< −φ02 , φ02 ). Note that the first sum in (33) omits
the terms j = N, 2N, 3N, . . . , included in the second sum.
If Ne is even and φ ∈< 0, φ0), we sum in Eq. (31) over the
occupied states n = 0,±1,±2, . . . ,±(Ne/2 − 1),−Ne/2.
Similar manipulations as before lead to the result
I(φ) =
2π
N
1
φ0
×
[
∞∑
j=1
j 6=N,2N,...
jaj sin
(
π
N
(
2φ
φ0
− 1
)
j
)
sin
(
pi
N jNe
)
sin
(
pi
N j
)
+ Ne
∞∑
j=N,2N,...
jaj sin
(
2π
N
(
φ
φ0
)
j
)]
, (34)
5where φ ∈< 0, φ0). The results (33) and (34) hold for the
conducting (Ne < N ) as well as insulating (Ne = N ) rings.
For Ne = N the first sum on the right hand side of Eqs.
(33) and (34) becomes zero and both equations take the form
I(φ) = −(2π/φ0)
∞∑
j=N,2N,...
jaj sin
(
2π
N
φ
φ0
j
)
, (35)
where φ ∈< −φ02 , φ02 ) and N can be even as well as odd.
Equation (35) expresses the persistent current in a 1D ring
made of a band insulator with an arbitrary valence band εk.
An important property of the formula (35) can be recog-
nized without specifying the dispersion law εk. The disper-
sion ε(k) is a periodic function of period 2π/a. As long as it is
analytic in the whole Brillouin zone < −pia , pia >, the Fourier
coefficients aj in the expansion (25) obey the inequality [20]
|aj | ≤ Ce−ξj , (36)
whereC and ξ are positive constants. Equation (35) combined
with inequality (36) shows that the persistent current in the
insulating ring is in general not zero albeit it decreases with
the ring length at least exponentially. In the next sections,
we will demonstrate for various specific insulating rings the
exponential decrease, and we will see that the current can be
of measurable size in realistic systems.
The pioneer results (1) and (2) can be obtained from Eqs.
(33) and (34) if we keep only the term j = 1 and we put
a1 ≡ −2Γ1. Equations (1) and (2) predict for insulating rings
(Ne = N ) a zero persistent current, which contradicts equa-
tion (35). Origin of this contradiction is evident. Keeping
only the term j = 1 means that only the nearest-neighbor-
site hopping is operative. This approach, also known as tight-
binding approximation, simplifies the general dispersion law
(25) to the cosine shaped dispersion ε(k) ∝ cos(ka). How-
ever, equation (35) shows that nonzero persistent current in
the insulating ring of length N is (mainly) due to the Fourier
coefficient aN which is in general not zero for a realistic dis-
persion law. We will see in the next section that aN physically
represents the hopping amplitude for a single hop from site i
to its periodic replicas i±N .
IV. PERSISTENT CURRENT IN INSULATING 1D RING IN
THE WANNIER FUNCTIONS FORMALISM
We consider again the 1D ring with lattice period a and
length L = Na, sketched in Fig. 1. Simultaneously, we con-
sider the infinite 1D crystal obtained by the periodic repetition
of the 1D ring, as it is illustrated in Fig. 1. For the sake of
clarity we recall a few major points. First, the Bloch func-
tion ϕk(x) and Bloch energy ε(k) in the infinite crystal are
described by Schrödinger equation
Hϕk(x) = ε(k)ϕk(x) ,
H = − ~
2
2m
d2
dx2
+ V (x), V (x) = V (x+ a). (37)
Second, according to the general recipe of Sect. II, the Bloch
function and Bloch energy in the ring, ϕn,φ(x) and εn(φ), are
given by equations
ϕn,φ(x) = ϕk=kn(φ)(x), εn(φ) = ε(k = kn(φ)) ,
kn(φ) ≡ 2π
Na
(n+
φ
φ0
) . (38)
Third, the Bloch vector k is assumed to be from the Brillioun
zone < −pia , pia >, or alternatively from < 0, 2pia >. This
means that ε(k) is the dispersion of a single energy band and
ϕk(x) are the Bloch functions of that band. As before, the
functions ϕk(x) and ε(k) do not involve any band index, and
ε(k) is supposed to represent the valence band of the crystal.
Below we define the Wannier functions by restricting us to the
Bloch states of that valence band.
A. Wannier functions of the infinite crystal
We first define the Wannier functions for the crystal. Ac-
cording to a standard textbook definition, the Wannier func-
tion W (x− la) at the lattice site x = la is defined as
W (x− la) ≡Wl(x) = a
2π
∫ pi
a
−pi
a
e−iklaΦk(x)dk , (39)
where Φk(x) is the Bloch function of the infinite crystal. We
note that Φk(x) is the same Bloch function as ϕk(x) in equa-
tion (37). The only difference is that Φk(x) is normalized as∫ a
0
| Φk(x) |2 dx = 1 (40)
while the normalization of ϕk(x) in the infinite crystal is un-
specified. In the following text, Φk(x) represents the nor-
malized Bloch function of the infinite crystal and the symbol
ϕk(x) with k = kn(φ) represents the Bloch function of the
ring. [In the ring ϕk(x) is normalized by equation (48).]
Since the crystal is infinite, k is a continuous variable and
the Bloch functions fulfill the orthogonality condition∫ ∞
−∞
Φk′ (x)
∗Φk(x) dx =
2π
a
δ(k′ − k) . (41)
One can then easy verify the orthogonality condition for the
Wannier functions,∫ ∞
−∞
W ∗l′ (x)Wl(x) dx = δl,l′ . (42)
Finally, definition (39) can also be written in the inverted form
Φk(x) =
∑
l
eiklaWl(x) (43)
where one sums over all lattice points of the (infinite) crystal.
6We define the matrix elements Γj by equations
Γl′,l = −
∫ ∞
−∞
Wl′ (x)HˆWl(x)dx = Γl−l′ , Γj ≡ Γl−l′ ,
(44)
where l, l′ = 0,±1,±2, · · · ± ∞ and it is taken into account
that Γl′,l depends only on the difference j = l− l′. The Bloch
energy ǫ(k) can be written as ǫ(k) = 〈Φk|Hˆ |Φk〉/〈Φk|Φk〉.
If we set for Φk equation (43), we easy find
ε(k) = Γ 0 + 2
∞∑
j=1
Γj cos jka. (45)
Comparison of Eq. (45) with Eq. (25) shows that aj = 2Γj .
Obviously,
Γj =
1
π/2a
∫ pi/a
−pi/a
ε(k) cos(jka)dk, (46)
which is an alternative form of equation (44).
Finally, setting aj = 2Γj into the result (35) we get
I = −(4π/φ0)
∞∑
j=N,2N,...
jΓj sin
(
2π
N
φ
φ0
j
)
. (47)
Equation (47) together with Eq. (44) express the persistent
current in the insulating ring through the Wannier functions of
the constituting infinite crystal. We defer discussion of these
expressions to subsection C, where equation (47) is derived
from the Wannier functions of the ring.
B. Wannier functions of the ring
Let us define the Wannier functions of the ring. In the
ring with N lattice sites and a fixed value of magnetic flux
only the discrete Bloch vectors kn(φ) are allowed, where
kn(0) ∈< −pia , pia > or alternatively kn(0) ∈< 0, 2pia >. In
both cases there are N allowed values of n (specified below),
which means that the originally continuous band ε(k) consists
of N discrete levels εn(φ). The eigen-functions of these lev-
els represent a complete set of N Bloch functions obeying the
orthogonality condition
∫ Na
0
ϕ∗k′(x)ϕk(x) dx = δk,k′ = δn,n′ , (48)
where k = kn(φ). Consequently, in the 1D ring with N lattice
sites the Wannier function at site x = la can be defined as
w(x − la) ≡ wl(x) = 1√
N
∑
k
e−iklaϕk(x) , (49)
where k = kn(φ) and summation over k means the summa-
tion over the N allowed values of n. Definition (49) coincides
with definition (3.7) in Kohn’s paper [17], except that Kohn
assumes k = kn(0).
In the following calculations we choose the Brillouin zone
kn(0) ∈< 0, 2pia >, for which the allowed n are simply
n = 0, 1, . . . , N − 1 (50)
without regards to the parity of N and sign of φ.
Using Eqs. (48) and (49) we can easy verify the orthogo-
nality condition∫ Na
0
wl′(x)
∗wl(x) dx = δl′,l . (51)
Finally, definition (49) can also be written in the inverted form
ϕk(x) =
1√
N
N−1∑
l=0
eiklawl(x) . (52)
In this paper the Wannier functions wl(x) are often called the
ring Wannier functions while the Wannier functionsWl(x) are
called the crystal Wannier functions. The ring Wannier func-
tions are magnetic-flux dependent, the crystal Wannier func-
tions are not.
We note that the results obtained in the rest of this section
can also be obtained by choosing kn(0) ∈< −pia , pia >. In that
case the allowed values of n are
n = 0,±1,±2, . . . ,±(N − 1)/2 (53)
for odd N , while for even N one has
n = 0,±1,±2, . . . ,±(N/2− 1),−N/2 for φ > 0 (54)
and
n = 0,±1,±2, . . . ,±(N/2− 1),+N/2 for φ < 0. (55)
Evidently, it is more straightforward to work with Eq. (50).
Now we express the persistent current at full filling in terms
of the ring Wannier functions. We write εn(φ) in the form
εn(φ) =
∫ Na
0
ϕ∗kn(φ)(x)Hϕkn(φ)(x)dx . (56)
We need to rewrite the right hand side of Eq. (56) in terms of
the matrix elements
Tl′,l =
∫ Na
0
w∗l′(x) H wl(x) dx , (57)
where l, l′ = 0, 1, . . .N−1. We set into Eq. (57) the equation
(49). We find
Tl′,l =
1
N
∑
n′
∑
n
eikn
′(φ)l′ae−ikn(φ)la
×
∫ Na
0
ϕ∗kn′(φ)(x)Hϕkn(φ)(x) dx
=
1
N
ei
2pi
N
φ
φ0
(l′−l)
N−1∑
n=0
ei
2pi
N
n(l′−l)εn(φ) .
(58)
7Since Tl′,l depends only on the difference between l and l′,
we can write
Tl′,l = Tl′−l ≡ Tj = 1
N
e
i 2pi
N
φ
φ0
j
N−1∑
n=0
ei
2pi
N
njεn(φ) . (59)
Inverting Eq. (59) we get
εn(φ) =
N−1∑
j=0
e−ikn(φ)jaTj . (60)
By means of Eq. (60), the ground state energy of the fully
filled valence band is readily obtained in the form
E(φ) =
N−1∑
n=0
εn(φ) = N · T0(φ) . (61)
Finally, the persistent current at full-filling reads
I = −dE
dφ
= −N dT0
dφ
. (62)
One can see from Eq. (57) that the matrix element T0 rep-
resents the on-site energy of the Wannier state wl(x). Since
wl(x) depends on magnetic flux, so does T0. This however
means that the current (62) is in general not zero. We have
thus arrived at the same conclusion as in the preceding sec-
tion, where the persistent current in the insulating ring (Eq.
35) was derived from the Bloch states and general recipe.
C. Ring Wannier functions in the basis of crystal Wannier
functions
The result (47), or equivalently the result (35), can be ob-
tained from the result (62), if the ring Wannier functions are
expanded over the basis of the crystal Wannier functions. To
show this we proceed as follows.
The Bloch functions of the ring are given by Eq. (38) and
normalized as
∫ Na
0 ϕ
∗
k(x)ϕk(x) dx = 1, where k = kn(φ)
[see Eq. (48)]. The Bloch functions φk(x) coincide with
ϕk(x) except for the normalization constant. As they are nor-
malized by means of Eq. (40), in the ring we have the relation
ϕk(x) =
1√
N
φk(x) , k = kn(φ) , (63)
We set for φk(x) in Eq. (63) the definition (43). Then we set
Eq. (63) into the right hand side of Eq. (49). We obtain
wl(x) =
1
N
∑
k
∞∑
l′=−∞
e−ik(l−l
′)aWl′(x) , (64)
where k = kn(φ) and summation over k means the summa-
tion over n = 0, 1, . . . , N−1. Using substitution l′ = Nr+s,
where s = 0, 1, . . . (N − 1) and r = 0,±1,±2, · · · ± ∞, we
further obtain
wl(x) =
∞∑
r=−∞
N−1∑
s=0
WNr+s(x)e
i 2pi
N
φ
φ0
(rN+s−l)
× 1
N
N−1∑
n=0
ei
2pi
N
n(s−l) .
(65)
Eventually
wl(x) =
∞∑
r=−∞
ei2pi
φ
φ0
r WNr+l(x) . (66)
Equation (66) expresses the ring Wannier function at the ring
site l, wl(x), through the crystal Wannier functions Wl′(x).
For φ = 0 equation (66) coincides with equation (5.9) in
Kohn’s paper [17].
Setting Eq. (66) into Eq. (57) we obtain
Tj =
∫ Na
0
w∗j (x) Hˆ w0(x) dx
=
∞∑
r=−∞
∞∑
r′=−∞
ei2pi
φ
φ0
(r−r′)
∫ Na
0
WNr′+j(x)HˆWNr(x)dx
=
∞∑
s=−∞
e−i2pi
φ
φ0
s
∞∑
r=−∞
∫ Na−rNa
0−rNa
WNs+j(x)HˆW0(x)dx
=
∞∑
s=−∞
e−i2pi
φ
φ0
s
∫ ∞
−∞
WNs+j(x)HˆW0(x)dx .
(67)
By means of the matrix elements Γj , equation (67) can be
written as
Tj =
∞∑
s=−∞
e−2pii
φ
φ0
sΓsN+j . (68)
For j = 0 equation (68) gives
T0 = Γ0 + 2
∞∑
s=1
ΓsN cos(2π
φ
φ0
s) . (69)
We substitute Eq. (69) into the right hand side of Eq. (62).
We obtain the persistent current at full filling in the form
I = −4πN
φ0
∞∑
s=1
s ΓsN sin(2π
φ
φ0
s) , (70)
or equivalently in the form (47) which coincides with the re-
sult (35) for aj = 2Γj .
In the rest of this section we discuss the physical meaning of
the coefficients ΓN , Γ2N , etc., appearing in expression (47).
Since aj = 2Γj , the meaning of the coefficients aN , a2N , etc.,
is the same and does not need an extra discussion.
8According to the definition (44), in the infinite 1D crystal
the matrix element ΓN represents the hopping amplitude of
a single hop from the Wannier state at site l to the Wannier
state at site l + N . In the ring with N lattice sites the site
l + N is a periodic replica of site l, which means the same
site. Appearance of ΓN in expression (47) therefore implies,
that the electron in the ring with N sites can make a single
hop from the Wannier state at site l to its periodic replica at
site l+N . In other words, the electron hops from site l to the
same site by making one round around the ring, and ΓN is the
hopping amplitude of the process. Note that we speak about
hopping in the ring, but in terms of the Wannier states of the
infinite crystal (c.f. Eq. 44).
Similarly, the coefficient Γ2N describes the process in
which the electron hops from site l to the same site by mak-
ing two rounds around the ring. It follows from relation (36)
and equation aj = 2Γj , that Γ2N is much smaller than ΓN .
Its contribution to the right hand side of Eq. (47) is therefore
negligible. The meaning of the coefficients Γ3N , Γ4N , etc., is
analogous and their contribution is negligible even more.
We can summarize the result (47) as follows. The persistent
current in the insulating ring with N lattice sites, derived in
terms of the crystal Wannier functions, is due to the fact that
the electron at the ring site l is allowed to make a single hop
from site l to its periodic replicas l ± N . (The sign minus is
allowed as well due to the symmetry reason.)
The process in which an electron at the ring site l hops from
site l to the same site by making one round around the ring
may seem meaningless, because such process does not exist
in the basis of the ring Wannier functions. In that basis the
energy spectrum εn(φ) is given by equation (60). As shown
in appendix B, equation (60) can be rewritten for odd N as
εn(φ) =
N−1
2∑
j=−N−1
2
e−ikn(φ)jaTj , (71)
and for even N as
εn(φ) =
N
2∑
j=−N
2
+1
e−ikn(φ)jaTj , (72)
where T−j = T ∗j . According to the definition (57), the matrix
element Tj represents the amplitude of hopping from the ring
Wannier state wl(x) to the ring Wannier state wl′ (x), with
j = l − l′ being the hopping length. The maximum hopping
length between the ring Wannier states, allowed by equations
(71) and (72), is j = ±Int(N/2) only, and the current in
the insulating ring (Eq. 62) is due to the fact that the ring
Wannier states depend on magnetic flux. Hopping from l to
l ±N , l ± 2N , etc., emerges after the ring Wannier states are
expressed (see Eq. 64) through the flux-independent crystal
Wannier states. This provides a different picture of the same
physics.
v(x)
εa
(x)ϕa
x
2d
V(x) a
2d
0
−V0
FIG. 2. Left: One-dimensional model of a single isolated atom, de-
scribed by equation (73). The atomic potential, v(x), is modeled
by the potential well of width 2d, embedded between two infinitely-
thick potential barriers of height V0. Right: The potential V (x) in a
ring-shaped periodic lattice composed of N one-dimensional atoms
(N = 6). The lattice period is a, the ring circumference is L = Na.
In the numerical calculations of Sect. V, the parameters of the ring
are chosen to emulate the GaAs ring with conduction electrons sub-
jected to the periodic potential of N quantum dots: the electron ef-
fective mass is m = 0.067m0, the period of the quantum-dot lattice
is a = 40nm, the ring length is L = Na, and the size and depth of
the potential well (quantum dot) are 2d = 15nm and V0 = 18meV,
respectively. For these parameters the potential well supports one
bound state, the ground state with energy εa = −10.4meV. The
ground-state orbital ϕa(x) is sketched schematically.
V. THE LCAO APPROXIMATION, APPLICATION TO THE
1D LATTICE WITH RECTANGULAR POTENTIAL WELLS
To evaluate the persistent current (Eq. 47) for a specific
crystal lattice, we need to determine the crystal Wannier func-
tions of the lattice. As an example we consider the ring-
shaped 1D lattice in Fig. 2. The lattice is composed of the
artificial 1D atoms with a single atomic level ǫa. The atomic
orbital ϕa(x) and energy ǫa in the isolated atom positioned at
x = 0 obey the Schrödinger equation[
− ~
2
2m
d2
dx2
+ v(x)
]
ϕa(x) = ǫaϕa(x) , (73)
where v(x) is the atomic potential modeled as a rectangular
potential well centered at x = 0 (figure 2, left).
In accord with the general recipe of Sect. II, assume that
the ring with N atoms (figure 2, right) is periodically repeated
as shown in figure 1. This repetition gives rise to the infinite
1D crystal with potential V (x) which is periodic with period
a and ranges from x = −∞ to x = ∞. Evidently, V (x) is a
sum of all isolated atomic potentials, that means
V (x) =
∞∑
l=−∞
v(x− la) , (74)
where la is the position of the l-th lattice point. The Bloch
function Φk(x) and Bloch energy ǫ(k) of the electron mov-
ing in such periodic potential can be expressed analytically in
the approximation of localized atomic orbitals (LCAO). The
Bloch function is approximated by the LCAO ansatz [21]
Φk(x) = C
∞∑
l=−∞
eiklaϕa(x− la) , (75)
9where ϕ(x − la) is the atomic orbital at the lattice point la
and C is the normalization constant (given below). The Bloch
energy ǫ(k) can be expressed as
ǫ(k) = 〈Φk|Hˆ |Φk〉/〈Φk|Φk〉, (76)
where
Hˆ = − ~
2
2m
d2
dx2
+ V (x), V (x) =
∞∑
l=−∞
v(x− la) . (77)
If we use the LCAO ansatz (75), a simple textbook calculation
[21] gives the formula
ǫ(k) = ǫa −
γ0 + 2
∑∞
j=1 γj cos (kja)
1 + 2
∑∞
j=1 αj cos (kja)
, (78)
where
αj =
∫ ∞
−∞
dxϕa(x− ja)ϕa(x), (79)
γj = −
∫ ∞
−∞
dxϕa(x− ja)V ′(x)ϕa(x), γ0 = γj=0, (80)
and
V ′(x) = V (x) − v(x), (81)
with v(x) being the atomic potential at the lattice site l = 0. In
Appendix C we express αj and γj analytically for the model
atomic lattice of Fig. 2.
Using the general recipe of section II, we obtain the spec-
trum of the ring, ǫn(φ), directly from the Bloch energy (78).
It reads
ǫn(φ) = ǫa −
γ0 + 2
∑∞
j=1 γj cos [kn(φ)ja]
1 + 2
∑∞
j=1 αj cos [kn(φ)ja]
, (82)
where kn(φ) ≡ 2piNa (n+ φφ0 ). One can substitute the spectrum(82) into the persistent current formula (24) and one can eval-
uate the sum on the right hand side of Eq. (24) numerically.
We will refer to this approach as to the numerical LCAO ap-
proach. The approach provides a straightforward numerical
evaluation of persistent current in insulating rings (Ne = N )
as well as in conducting rings (Ne < N ). It does not provide
understanding of the effect, however, it is useful for verifica-
tion of analytical results.
We mainly want to verify our result for insulating rings, the
formula (47). For a meaningful comparison with the numeri-
cal LCAO approach, the hopping amplitude Γj in the formula
(47) has to be determined in the LCAO approximation.
We start by specifying the constant C in the ansatz (75).
Setting Eq. (75) into the normalization condition (40) we find
1
| C |2 = 1 + 2
∞∑
j=1
αj cos jka ≡ N(k) . (83)
The same result is obtained if we set Eq. (75) into the orthog-
onality condition (41).
The crystal Wannier functions are defined by equation (39).
We set into equation (39) the ansatz (75) withC = 1/
√
N(k).
We obtain the crystal Wannier function in the form [22, 23]
Wl(x) =
∞∑
l′=−∞
cl′−l ϕa(x− l′a) , (84)
where
cn =
a
2π
∫ pi
a
−pi
a
cos (kna)√
N(k)
dk . (85)
Expression (84) is the crystal Wannier function in the LCAO
approximation. It is easy to verify that the expression (84)
fulfills the orthogonality condition (41) exactly.
If we express the crystal Wannier functions in Eq. (44) by
means of equation (84), we find that
Γj =
∞∑
n=−∞
∞∑
n′=−∞
cn−j cn′ (εaαn−n′ − γn−n′) . (86)
Equation (86) is the hopping amplitude Γj in the LCAO ap-
proximation. An alternative form of Eq. (86) is the equation
Γj =
a
2π
∫ pi/a
−pi/a
dk cos(jka)
×
[
ǫa −
γ0 + 2
∑∞
j′=1 γj′ cos (kj
′a)
1 + 2
∑∞
j′=1 αj′ cos (kj
′a)
]
,
(87)
obtained by setting the Bloch energy (78) into the Fourrier
transformation (46).
We also note that the Bloch energy (78) is an alternative
form of the expression (45) with coefficients Γj given by
equation (86), since both forms follow from the same LCAO
approximation. Proof of coincidence of both forms is straight-
forward, but lengthy and therefore not shown.
The LCAO expression (86) together with expressions (85)
and (83) are still complicated for analytical calculations. For-
tunately, the expressions can be simplified, if we take into ac-
count that the coefficients αj and γj decay with increasing j
exponentially. Exponential decay is due to the fact that the
atomic orbitals ϕa are exponentially localized at the lattice
sites, which is the case for any realistic orbital. If the local-
ization is strong enough, then 1 ≫| α1 |≫| α2 |≫ . . . and
1 ≫| γ1 |≫| γ2 |≫ . . . . In that limit the expressions (85)
and (86) are calculated in appendix D. The results are
cn ≃ (−α1)n | An | , n ≥ 0 , c−n = cn , (88)
where A0 = 1 and
An = (−1)n 1
22n
(
2n
n
)
≃ (−1)n 1√
πn
, n ≥ 1 , (89)
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and
Γj ≃ −γ1(−α1)(j−1) , j ≥ 1. (90)
Expressing Γj in equation (47) by means of Eq. (90) and
keeping only the term with j = N we obtain the result
I(φ) = − 2π
φ0
γ1 N (−α1)(N−1) sin
(
2π
φ
φ0
)
. (91)
The last equation is the persistent current in the insulating ring
in the LCAO approximation. The following features of the
result (91) are worth stressing.
For positive α1 equation (91) predicts the exponentially de-
caying current with alternating sign, I(N) ∼ (−α1)(N−1).
Just this result holds for the ring in figure 2. Indeed, α1 is
positive for a positive ϕa(x) such like the ground state orbital
in figure 2, which follows from definition (79) as well as from
the final expression for αj (appendix C).
For negative α1 the dependence I(N) ∼ (−α1)(N−1) im-
plies the exponentially decaying current with fixed sign. For
the square-well model in figure 2 the coefficientα1 is negative
for the first excited bound state (not shown in the figure), be-
cause the atomic orbital of the state is an antisymmetric func-
tion of x with respect to the well center. Thus, if the atomic
level εa and atomic orbital ϕa(x) belong to the first excited
bound state, the sign of the current is the same for any N .
Equations (1) and (2) show that the persistent current in the
conducting ring (Ne < N ) exhibits the alternating sign in
dependence on the parity of Ne. This result is independent
on the specific properties of the conduction band. If the ring
is insulating (Ne = N ), the result (91) shows that the sign
of the current with respect to N is either alternating or fixed,
depending on the properties of the valence band. More pre-
cisely, this statement holds for the model ring in figure 2. We
will see in the next section that the sign behavior can be even
more complicated in rings made of the real band insulators.
Comparison of equation (91) with Eqs. (1) and (2) also
shows another important difference between the insulating
and conducting rings. In the former case the current decays
with N exponentially, in the latter case it decays like 1/N .
Origin of all these differences is easy to see. Equations
(1) and (2) depend only on the hopping amplitude Γ1, while
the result (91) is determined by the hopping amplitude ΓN .
The amplitude ΓN involves overlap of the Wannier functions
Wl(x) and Wl+N (x). If we express the coefficient cl′−l in
equation (84) by means of equations (88) and (89), we obtain
Wl(x) ≃
∞∑
l′=−∞
| A|l′−l| | (−α1)|l
′−l| | ϕa(x− l′a) . (92)
If we keep x = na and l = 0 for simplicity, we obtain
W0(na) ≃ 1√
π | n | (−α1)
|n|ϕa(0) , | n |≥ 1 . (93)
It can be seen that the Wannier function decays with distance
from site l = 0 exponentially [24] and even shows the alter-
nating sign for positive α1. All these properties are reflected
by persistent current at full filling.
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FIG. 3. Persistent current in the insulating 1D ring as a function of
magnetic flux for various ring lengths N . The ring is the periodic lat-
tice with N single-level potential wells (Fig. 2) which contains Ne
spinless electrons. It is insulating due to full filling (Ne = N ). The
full lines are the results of the LCAO formula (91) and the dashed
lines are the results of the numerical LCAO approach. The ring pa-
rameters used in these calculations are specified in the caption of
figure 2. The coefficients αj and γj in Eqs. (91) and (82) are given
by expressions presented in appendix C.
Finally, we calculate the persistent current quantitatively for
the numerical parameters in figure 2. These parameters em-
ulate the 1D GaAs ring modulated by a periodic lattice of N
quantum dots. In such lattice, the discrete energy level of the
quantum dot splits into the energy band. Therefore, the ring
behaves at full filling (Ne = N ) like a band insulator and at
partial filling (Ne < N ) as a metal.
The figure 3 shows the persistent current in the insulating
ring as a function of magnetic flux for various N . The results
evaluated by means of the LCAO formula (91) are compared
with the results obtained by the numerical LCAO approach.
The numerical LCAO approach nicely confirms basic features
of the formula (91) including the alternating sign of the cur-
rent. The quantitative difference between the numerical and
analytical LCAO data could be suppressed by choosing the
ring with a more strongly localized atomic orbitals.
The dependence on the ring size is presented in figure 4.
The left panel shows the persistent current as a function of N
in the insulating ring and in the conducting ring at half filling.
The conducting ring shows for large N the decay I ∝ 1/N ,
in the insulating ring the current decays with N exponentially.
For example, the insulating ring with N = 5 supports the per-
sistent current as small as ∼ 0.001nA. Such small persistent
currents are detectable by sensitive techniques [9, 25, 26].
The right panel of figure 4 shows the transition from the
conducting state to the insulating state at Ne = N , achieved
by varying Ne for fixed N . Experimentally, Ne could be var-
ied say by using a suitably designed metallic gate, while the
quantum-dot lattice might be realized either by means of the
periodic array of gates or by producing the 1D ring with a
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FIG. 4. Persistent current in the same ring as in the preceding figure
for magnetic flux φ = 0.25φ0. The left panel shows the dependence
on N for the insulating ring (Ne = N ) and conducting ring at half
filling (Ne = N/2). The right panel shows the dependence on Ne for
various values of N . In both panels, the data for Ne = N shown by
open symbols were obtained by means of the LCAO expression (91)
and the data for partial filling (Ne < N ) were obtained by means
of expressions (1) and (2). The full circles in the left panel show
the data for Ne = N , obtained using the numerical LCAO approach.
Note that only the size of the current, | I |, is shown: for all presented
data the sign of the current varies with varying parity of Ne.
periodically alternating cross-section size.
VI. ESTIMATES OF PERSISTENT CURRENT IN RINGS
MADE OF REAL BAND INSULATORS
In the previous section, we have discussed the ring made of
the artificial band insulator, namely the 1D GaAs ring with a
few conduction electrons subjected to the periodic quantum-
dot potential. Now we want to estimate persistent current in
rings made of the real crystalline band insulators (with fully
occupied valence band and empty conduction band). The
problem is that such rings are three-dimensional and the 1D
theory from the preceding text is not applicable directly.
The problem is outlined in figure 5. The top right sketch in
the figure is a 2D sketch of the 3D ring (or a hollow 3D cylin-
der) of width w, created from the cubic 3D lattice of atoms.
Along such ring there is no periodicity with the lattice period
a, there is only periodicity with L. However, the theory in
Sects. III - V was developed for the 1D rings with periodicity
a along the ring circumference. The question is how to extend
the 1D theory to be applicable to the ring-shaped 3D cluster
of atoms sketched in the figure 5.
In principle, for L ≫ w it is reasonable to write the 3D
w
a
w
L 
/ 2
pi
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L
FIG. 5. The top figure shows the 3D ring (on the right hand side)
created from the cubic 3D atomic lattice (on the left hand side) with
the lattice period a. The ring of width w is defined by two concentric
circles with the center positioned at random. The resulting ring is a
3D cluster of atoms which can no longer be viewed as the 1D lattice
with period d. The bottom figure shows the ring artificially linearized
by means of elastic deformation. Repeating the linearized ring with
period L in the x direction and with period w in the y direction, we
obtain the infinite crystal. In the limit L≫ w the effect of the elastic
deformation has to disappear and the Bloch states in the obtained
infinite crystal have to coincide with the electronic states in the real
ring (top right sketch). This allows us to use the equations (94) and
(95). We call this model the model of the linearized 3D cluster.
version of equation (24) in the form
I(φ) = − ∂
∂φ
∑
n,kz
εn(φ, ky = 0, kz), (94)
with the spectrum of the ring, εn(φ, ky = 0, kz), determined
as follows:
εn(φ, ky = 0, kz) = ε(kx =
2π
L
(n+
φ
φ0
), ky = 0, kz), (95)
where ε(kx, ky, kz) is the Bloch energy of the 3D crystal cre-
ated by periodic repetition of the linearized 3D cluster (Fig.5).
Note that the unit cell of the crystal is the linearized cluster.
The Bloch energy ε(kx, ky, kz) should therefore not be con-
fused with the Bloch energy of the crystal with unit cell a3.
We call this approach the model of the linearized 3D cluster.
The model also allows to rewrite for 3D rings all equations
of Sect. III. First of all, since the period a along the ring no
longer exists, it has to be replaced by the period L (replace a
by L and N by unity). Second, the Bloch energy ε(kx) has
to be replaced by the Bloch energy ε(kx, ky = 0, kz) just in-
troduced. Third, the current (35) has to be summed over the
occupied states kz . Clearly, the model of the linearized 3D
cluster allows to avoid a full 3D treatment of the ring-shaped
3D cluster. However, the model is still cumbersome for prac-
tical use because the Bloch spectrum ε(kx, ky, kz) needs to be
calculated for a nontrivial artificial crystal resulting from the
periodic repetition of the linearized cluster.
A more simple approach is to consider the artificial 3D ring
obtained by elastic bending of the bulk crystal, as it is shown
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FIG. 6. The 3D ring of length L and width w, created by elastic
bending of the cubic 3D atomic lattice with lattice period a. In the
limit w≪ L the effect of the elastic bending has to disappear and the
electronic states in such ring have to coincide with the Bloch states
in the constituting 3D crystal as described in the text (equation 97).
We call this model the model of the elastically bent 3D crystal. Obvi-
ously, the resulting 3D ring shows for w≪ L an artificial periodicity
with period a, which is not the case for the realistic 3D ring (fig. 5).
in figure 6. In this case we have instead of the formula (94)
the formula
I(φ) = − ∂
∂φ
∑
n,ky,kz
εn(φ, ky , kz), (96)
where the energy spectrum εn(φ, ky , kz) is given by equation
εn(φ, ky , kz) = ε(kx =
2π
Na
(n+
φ
φ0
), ky, kz), (97)
with ε(kx, ky, kz) being the Bloch energy in the bulk crystal
before it is bent. We call this approach the model of the elas-
tically bent 3D crystal. In this model there is an artificial peri-
odicity with period a along the ring. In spite of this, the model
can provide a reasonable quantitative information on how the
persistent current in the 3D ring depends on the realistic band
structure of the constituting bulk crystal. In the model, the per-
sistent current at full filling is given by equations (47) and (46)
modified as follows. The Bloch energy ε(kx) in the Fourrier
transformation (46) has to be replaced by the Bloch energy
ε(kx, ky, kz) and the current (47) should be summed over the
occupied states ky and kz . Practical calculations are relatively
straightforward, because the Bloch spectrum of the bulk crys-
tal, ε(kx, ky, kz), is known for many insulators.
In what follows we apply the model of the elastically
bent 3D crystal to the rings with thickness equal to the unit
cell of the bulk crystal. The energy dispersion of the ring,
εn(φ, ky = 0, kz = 0), is extracted from the bulk crystal
dispersion ε(kx, ky = 0, kz = 0), calculated by microscopic
methods [28, 29]. The obtained persistent current should be
viewed as a minimum value estimate, because the thickness
of realistic rings is much larger than the unit cell.
Using standard methods [28, 29], in the figure 7 we nu-
merically reproduce the well-known band structure of the
band insulators like the GaAs, Ge, and InAs. Specifically,
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FIG. 7. The panels in the right column show the valence bands
of various band insulators like the GaAs, Ge, and InAs. Specif-
ically, the ǫ(k) dispersion curves of the light-hole band (full
line), double-degenerate heavy-hole band (dashed line), and low-
est band (dotted line) are plotted for the k-values on the line
(L[−π/a,−π/a,−π/a],Γ[0, 0, 0], L[π/a, π/a, π/a]). The panels
in the left column show the hopping amplitude ΓN , calculated sep-
arately for each band: the ǫ(k) dependence of the band is Fourier-
transformed by using the equation (46). The full, dashed, a dotted
lines show ΓN for the light-hole, heavy-hole, and lowest bands, re-
spectively. When compared with ΓN of the light-hole and heavy-
hole band , ΓN of the lowest band has opposite sign because of the
opposite curvature of the ǫ(k) curve and the presented data should be
multiplied by −1 as shown in the figure (but see the comment [27]).
the figure summarizes the ǫk curves of the light-hole band,
heavy-hole band and lowest band, calculated for the line
(L[−π/a,−π/a,−π/a],Γ[0, 0, 0], L[π/a, π/a, π/a]) in the
first Brillouin zone. We set each of these ǫ(k) curves numer-
ically into the Fourier transformation (46) and we calculate
for each band the hopping amplitude ΓN . The resulting ΓN
dependencies are shown in the figure 7.
By means of the figure 7 we estimate the persistent current
as follows. We form the ring by elastic bending of the crystal.
We choose the ring orientation for which the k states on the
line (L[−π/a,−π/a,−π/a],Γ[0, 0, 0], L[π/a, π/a, π/a])
are directed along the ring circumference. If the ring is
one-dimensional (with thickness equal to a single unit cell
of the crystal), the persistent current is given by the 1D
formula (47) with the hopping amplitude ΓN given by
numerical values in the figure 7. As expected, ΓN decays
with increasing N exponentially, however, for the light-hole
band the decay is much slower than for other two bands.
Therefore it is sufficient to calculate the persistent current in
the light-hole band. The results are shown in the figure 7.
We recall that these results represent the persistent current
carried by electrons in the fully occupied valence band. The
following features are worth to point out.
The persistent current in the insulating ring decreases with
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FIG. 8. Persistent current versus the ring length N in the ring made
of the real crystalline band insulator (GaAs, Ge, InAs). The persis-
tent current is estimated by means of the 1D formula (47), where ΓN
is the hopping amplitude of the electron in the light-hole band, cal-
culated in the preceding figure. The lattice constants of the GaAs,
Ge, and InAs crystals are ∼ 0.6nm, i.e., the maximum ring lengths
considered in the figure are L = Na ∼ 120nm. The rings of such
length could be realizable by means of advanced nanotechnology.
the increasing ring length exponentially, but a careful choice
of the insulating material allows to achieve the persistent cur-
rent of measurable value for a technologically realizable ring
size. Indeed, the maximum ring lengths considered in the fig-
ure 8 are close to the value ∼ 120nm, in principle achiev-
able by modern nanotechnology. Concerning the amplitude
of the persistent current, the value ∼ 0.0003nA estimated for
the InAs ring of length ∼ 120nm is very small, but in prin-
ciple detectable say by the experimental technique of Refs.
[9, 25, 26]. The considered insulators are ordered as GaAs,
Ge and InAs for the persistent currents ordered increasingly.
This suggests a simple rule: the smaller the light-hole effec-
tive mass the larger the persistent current.
We conclude with a few remarks showing that the above 1D
estimates hold roughly also for the 3D rings. Similar calcu-
lations as in the figure 7 were performed for the k values on
the line (X [−2π/a, 0, 0],Γ[0, 0, 0], X [2π/a, 0, 0]). We have
found the energies ǫ(k) and amplitudes ΓN (not shown) very
similar to those in the figure 7, with the resulting persistent
currents being of the same order of magnitude as those in the
figure 8. Moreover, we have observed similar results when
testing the k values on the lines (K,Γ,K) and (W,Γ,W ). The
model of the elastically bent crystal thus provides roughly the
same persistent current independently on the fact which crys-
talline axis is chosen to be directed along the ring circum-
ference. This suggests that anisotropy of the valence band
with respect to the ~k direction does affect the resulting persis-
tent current dramatically. Therefore, the estimated values of
the current should hold reasonably also for the realistic ring-
shaped crystals similar to the ring sketched in figure 5.
VII. SUMMARY AND CONCLUDING REMARKS
We have analyzed theoretically persistent currents in rings
made of band insulators. We started by formulating a recipe
which determines the Bloch states of a one-dimensional (1D)
ring from the Bloch states of an infinite 1D crystal created by
the periodic repetition of the ring. Using the recipe, we have
derived an expression for the persistent current in a 1D ring
made of an insulator with an arbitrary valence band ǫ(k).
To find an exact result for a specific insulator, we have con-
sidered a 1D ring represented by a periodic lattice ofN identi-
cal sites with a single value of the on-site energy. If the Bloch
states in the ring are expanded over a complete set of N on-
site Wannier functions, the discrete on-site energy splits into
the energy band. At full filling, the band emulates the valence
band of the band insulator and the ring is insulating.
We have found that the ring carries a persistent current
equal to the product of N and the derivative of the on-site
energy with respect to the magnetic flux. This current is not
zero because the on-site Wannier function and consequently
the on-site energy of each ring site depend on magnetic flux.
Further, we have expanded all N Wannier functions of the
ring over the basis of Wannier functions of the constituting
infinite 1D crystal. In terms of the crystal Wannier functions,
the current at full filling arises because the electron in the ring
with N lattice sites is allowed to make a single hop from site
i to its periodic replicas i ± N . Alternatively, in terms of
the ring Wannier functions the same current is due to the flux
dependence of the Wannier functions basis, and the longest
allowed hop is from i to i± Int(N/2) only.
We have eventually derived the crystal Wannier functions in
the LCAO approximation, and have expressed the persistent
current at full filling by means of an exact formula. The valid-
ity of the formula was verified by comparison with the numer-
ical LCAO approach. We have presented quantitative results
for a 1D ring made of an artificial band insulator, namely for
a GaAs ring subjected to a periodic potential emulating the
insulating lattice.
Moreover, we have provided estimates for the rings made
of real band insulators (GaAs, Ge, InAs) with a fully filled
valence band and empty conduction band. The current at full
filling decays with the ring length exponentially due to the
exponential decay of the Wannier function tails. In spite of
that, it can be of measurable size.
We have ignored the effect of nonzero temperature. We
expect the persistent currents in rings made of the band in-
sulators to be temperature-independent as long the thermal
energy kBT is much smaller than the energy gap separating
the valence band from the conduction band. For example, the
energy gap in the InAs crystal is ∼ 400meV. Hence, the zero-
temperature values of the persistent current, predicted for the
insulating InAs ring, could persist even at room temperature.
We have also ignored the electron-electron interaction. The
many-body studies [30, 31] suggest that in the 1D ring consid-
ered in this paper the repulsive electron-electron interaction
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would only renormalize the electron transmission through the
potential barrier separating two potential wells. That means
that the electron-electron interaction would not essentially
change our results.
Finally, we relate our results to the paper by Kohn [17],
which defines the insulating state as a property of the many-
body ground state (see also the review by Resta [32]). Kohn’s
paper contains a discussion implicitly admitting the existence
of a negligibly small persistent current in the insulating ring
[see the discussion of equations (2.23) - (2.31) in that work].
Kohn points out the exponential localization of the electron
states in the ring. However, he clearly states by writing his
equation (2.30), that the current is zero only approximately.
Just this negligibly small current is calculated in our paper.
Surprisingly, it can be of measurable size.
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APPENDIX A: DERIVATION OF EQUATION (30) FROM
EQUATION (28)
We start by writing Eq. (28) as
εn(φ) =
∞∑
j′=0
aj′ cos (kn(φ) j
′a) , (98)
Using substitution j′ = Ns + j, where s = 0, 1, 2, . . . and
j = 0, 1, . . . (N − 1), we obtain
εn(φ) =
N−1∑
j=0
∞∑
s=0
asN+j cos [kn(φ)(sN + j)a] . (99)
Assuming that N is odd we rewrite Eq. (99) as
εn(φ) =
∞∑
s=0
asN cos [kn(φ)sNa]
+
M∑
j=1
∞∑
s=0
asN+j cos [kn(φ)(sN + j)a]
+
N−1∑
j=M+1
∞∑
s=0
asN+j cos [kn(φ)(sN + j)a] ,
(100)
where M = Int(N/2). Equation (100) can be rewritten as
εn(φ) =
∞∑
s=0
asN cos [kn(φ)sNa]
+
M∑
j=1
∞∑
s=0
{
asN+j cos [kn(φ)(sN + j)a]
+ a(sN+N−j) cos [kn(φ) (sN +N − j) a]
}
.
Utilizing definition (29) we find from Eq. (101) the result
εn(φ) = Ω0+
M∑
j=1
{
ΩRj cos (kn(φ) ja)+Ω
I
j sin (kn(φ) ja)
}
,
(101)
where
Ω0(φ) =
∞∑
s=0
asN cos(2π
φ
φ0
s) ,
ΩRj (φ) = aj +
∞∑
s=1
cos(2π
φ
φ0
s) [asN+j + asN−j ] ,
ΩIj (φ) =
∞∑
s=1
sin(2π
φ
φ0
s) [asN−j − asN+j ] .
(102)
We have sofar assumed odd N . For even N , derivation is
similar and we find again the results (101) and (102), except
that for j = N/2 we have instead of Eqs. (102) the equations
ΩRN/2(φ) =
∞∑
s=0
asN+N/2 cos(2π
φ
φ0
s) ,
ΩIN/2(φ) = −
∞∑
s=1
asN+N/2 sin(2π
φ
φ0
s) .
(103)
Equation (101) coincides with Eq. (30).
APPENDIX B: VARIOUS FORMS OF EQUATION (60)
We first assume odd N . We can rewrite Eq. (60) as
εn(φ) = T0 +
M∑
j=1
e−ikn(φ)jaTj +
N−1∑
j=M+1
e−ikn(φ)jaTj,
(104)
where M = Int(N/2). Further,
εn(φ) = T0 +
M∑
j=1
e−ikn(φ)jaTj +
M∑
j=1
e−ikn(φ)(N−j)aTN−j
= T0 +
M∑
j=1
e−ikn(φ)jaTj + e
ikn(φ)jaT ∗j ,
(105)
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where we have used the definition (29) and relations
T ∗j = T−j , TN−j = e
i2pi φ
φ0 T ∗j , (106)
which follow from Eq. (59) for real εn(φ). For even N we
obtain in a similar way the equation
εn(φ) = T0 +
M−1∑
j=1
e−ikn(φ)jaTj + e
ikn(φ)jaT ∗j
+ e−ikn(φ)
N
2
aTN
2
.
(107)
Equations (105) and (107) can be written in the unified form
εn(φ) = Λ0+
M∑
j=1
{
ΛRj cos (kn(φ) ja)+Λ
I
j sin (kn(φ) ja)
}
,
(108)
where
Λ0 = T0 ,
ΛRj = (Tj + T
∗
j ) ,
ΛIj =
1
i
(Tj − T ∗j )
(109)
for odd N as well as even N , except that for even N and
j = N/2 we have instead of equations (109) the equations
ΛRN/2 =
1
2
(Tj + T
∗
j ) ,
ΛIN/2 =
1
2i
(Tj − T ∗j ) .
(110)
Equation (108) is formally equivalent with Eq. (101). Coin-
cidence of both equations becomes obvious if we realize that
equations (109) and (110) coincide with Eqs. (102) and (103).
To observe this coincidence, it is sufficient to express Tj in
equations (109) and (110) by means of expression (68), and
to use the equations a0 = Γ0 and aj = 2Γj .
APPENDIX C: ANALYTICAL FORMULAS FOR αj AND γj
For the square-well potential in figure 1 the atomic orbitals
ϕa(x − la) can be found easy and the integrals (79) and (80)
can be calculated analytically. For j = 1, 2, . . . we obtain
αj ≃ cos
2(Ad)
1 +Bd
e−B(ja−2d)
[−4ǫa
V0
+B(ja− 2d)
]
, (111)
γj ≃ V0 cos
2(Ad)
1 +Bd
e−B(ja−2d)
[−2ǫa
V0
+ 2dB(j − 1)
]
,
(112)
where
A =
√
2m
~2
(V0 + ǫa), B =
√
2m
~2
|ǫa|. (113)
In addition, for j = 0
γ0 = V0
cos2(Ad)
1 +Bd
e−2B(a−2d)
1− e−4Bd
1− e−2Ba . (114)
Expressions (111) and (112) are not exact (we have skipped
some exponentially small terms), but they are in excellent
agreement with numerical integration of the integrals (79) and
(80). As expected, the coefficients αj and γj decay with in-
creasing j exponentially. The simplest forms are
γj ≃ γ1 e−(j−1)Ba , αj ≃ α1 e−(j−1)Ba , j ≥ 1 . (115)
APPENDIX D: APPROXIMATE FORMULAS FOR
COEFFICIENTS cn AND Γj
Equation (85) defines cn by means of the integral which can
be calculated analytically in a certain limit. In what follows
the calculation is presented for positive n because cn = c−n.
We first express the normalization constant 1√
N(k)
as
1√
N(k)
=

1 + 2 ∞∑
j=1
αj cos jka


− 1
2
=
∞∑
s=0
As

2 ∞∑
j=1
αj cos jka


s
, (116)
where
As = (−1)s 1
22s
(
2s
s
)
. (117)
A closer inspection of the right hand side of Eq. (116) shows,
that the equation (116) can be approximated as
1√
N(k)
≃
∞∑
s=0
As [2α1 cos ka]
s
, (118)
if αj falls with j exponentially as in equation (115), and if
α21 ≫ α2. We note that the latter condition takes the form
α1 ≫ exp(−Ba) for αj derived in the preceding appendix.
In general, both conditions are fulfilled simultaneously if the
localization of the atomic orbitals is strong enough in compar-
ison with the lattice constant a.
We set the expansion (118) into the formula (85) and we
perform the integration. We get
cn ≃
∞∑
s=0
As [2α1]
s
In,s , (119)
where
In,s =
1
π
∫ pi
−pi
cos(nx) coss(x)dx . (120)
It can be seen that
In,s = 0 , (121)
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if s < n or if (s− n) is odd. It can also be seen that
In,s =
2
2n+2l
(
n+ 2l
l
)
, (122)
if s = n+ 2l, where l = 0, 1, . . . .
We set equations (122) and (121) into the equation (119).
We get an approximate expression for cn,
cn = (−α1)n
∞∑
l=0
An+2l α
2l
1
(
n+ 2l
l
)
. (123)
The last equation can be further rewritten as
cn = (−α1)n |An|
∞∑
l=0
An+2l
An
α2l1
(
n+ 2l
l
)
< (−α1)n |An|
∞∑
l=0
α2l1
(
n+ 2l
l
)
, (124)
where the right hand side is a properly chosen upper limit (be-
cause An+2l/An < 1).
If we use the relation
∞∑
l=0
(α21)
l
(
n+ 2l
l
)
=
1√
1− 4α21
(
2
1 +
√
1− 4α21
)n
,
(125)
the inequality (124) reads
cn < (−α1)n |An| 1√
1− 4α21
(
2
1 +
√
1− 4α21
)n
.
(126)
For α1 ≪ 1/2 it can be further approximated as
cn < (−α1)n |An|
(
1 + α21
)n (127)
We return again to the equation (123) and we replace its right
hand side by a properly chosen lower limit:
cn > (−α1)n |An|
n∑
l=0
(
n
l
)
(α1)
2l
> (−α1)n |An|
(
1 + α21
)n
,
(128)
where we have utilized the inequality
An+2l
An
(
n+ 2l
l
)
>
(
n
l
)
. (129)
Notice now that the right hand sides of the inequalities (127)
and (128) coincide. This implies that
cn = (−α1)n
(
1 + α21
)n |An| ≃ (−α1)n |An| . (130)
Now we attempt to find an approximate expression for the
coefficient Γj . Equation (86) can be rewritten by means of
substitution n′ − n = m as
Γj =
∞∑
m=−∞
(εaαm − γm)
∞∑
n=−∞
cncj+m+n . (131)
Since cn = c−n , αn = α−n, and γn = γ−n, we obtain
Γj= (εaα0 − γ0)
[
c0cj +
∞∑
n=1
cn (cj+n + cj−n)
]
+
∞∑
m=1
(εaαm − γm)
[
c0 (cj+n + cj−n)
+
∞∑
n=1
cn (cj+m+n + cj+m−n + cj−m+n + cj−m−n)
]
.
(132)
Owing to the exponential dependence (130), the last equation
can be simplified as
Γj ≃
j∑
m=0
(εaαm − γm)
j−m∑
n=0
cncj−m−n . (133)
Setting for cn and An the equations (130) and (117) we have
Γj ≃
j∑
m=0
(εaαm − γm) (−α1)j−m . (134)
Expressing γn and αn by means of the equation (115) we fur-
ther obtain
Γj ≃ (εa − γ0) (−α1)j
+
j∑
m=1
(εaα1 − γ1) e−(m−1)Ba (−α1)j−m .
(135)
If α1 ≫ exp(−Ba), we can skip all terms with m ≥ 2. Thus
Γj ≃ (−α1)j−1 [−γ1 + γ0α1)] ≃ − (−α1)j−1 γ1 . (136)
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